We present calculations of certain limits of scheme-independent series expansions for the anomalous dimensions of gauge-invariant fermion bilinear operators and for the derivative of the beta function at an infrared fixed point in SU(Nc) gauge theories with fermions transforming according to two different representations. We first study a theory with N f fermions in the fundamental representation and N f ′ fermions in the adjoint or symmetric or antisymmetric rank-2 tensor representation, in the limit Nc → ∞, N f → ∞ with N f /Nc fixed and finite. We then study the Nc → ∞ limit of a theory with fermions in the adjoint and rank-2 symmetric or antisymmetric tensor representations.
I. INTRODUCTION
In this paper we extend the recent study in Ref. [1] on calculations of scheme-independent series expansions for the anomalous dimensions and the derivative of the beta function at an infrared fixed point (IRFP) of the renormalization group in gauge theories with two different fermion representations. In Ref. [1] , this study was carried out at an IRFP of an asymptotically free vectorial gauge theory with a general gauge group G, containing massless fermions transforming according to two different representations of G [2] . In [1] the theory was taken to have N f copies (flavors) of Dirac fermions, denoted f , in the representation R of G, and N f ′ copies of fermions, denoted f ′ , in a different representation R ′ of G. Here we analyze interesting limits of two specific theories of this type, both of which have the gauge group SU(N c ).
In the first type of theory, R is the fundamental representation, denoted F , and R ′ is any of three types of two-index representations, namely the adjoint (Adj), or the symmetric or antisymmetric rank-2 tensor representations, denoted S 2 and A 2 , respectively. We call this an F R ′ theory. We investigate this F R ′ theory in the limit N c → ∞ , N F → ∞ with r ≡ N F N c fixed and finite and ξ(µ) ≡ α(µ)N c is a finite function of µ .
(1.1)
We will use the symbol lim LN N for this limit, where "LNN" stands for "large N c and N F " (with the constraints in Eq. (1.1) imposed). This LNN limit, which is often called the 't Hooft-Veneziano limit, has the simplifying feature that rather than depending on the four quantities N c , N F , R ′ , and N f ′ , the properties of the theory only depend on three quantities, namely r, R ′ , and N f ′ . A general property that makes the LNN limit of F R ′ theories useful is that for large but finite N f and N c , the approach to the LNN limit is rapid, because the correction terms to the limiting expressions vanish like 1/N 2 c . This was shown in [3] [4] [5] for theories with fermions in a single representation, and we report the generalization of this property in the present paper for the F R ′ theory. Because of this rapid convergence, one can use calculations of anomalous dimensions and other physical quantities in the LNN limit with a given value of r in a unified manner to compare with corresponding calculations in specific SU(N c ) theories with various values of N f and N c satisfying N f /N c ≃ r.
In the second type of theory that we analyze, R and R ′ are both two-index representations. We take R = Adj and R ′ to be S 2 or A 2 , and study the N c → ∞ limit of this theory. The leading large-N c behavior of the S 2 and A 2 representations is the same, so that we will often refer to these jointly as T 2 , where the symbol T 2 stands for rank-2 tensor representation. We thus denote this second type of theory as an AT theory, where A stands for Adj and T for T 2 . In contrast to F R ′ theories, in which N F → ∞, in AT theories the requirement of asymptotic freedom requires that both N f = N Adj and N f ′ = N T2 be finite.
In the present paper we shall study the properties of these gauge theories at an infrared fixed point. We explain the general theoretical background in the context of an F R ′ theory and then consider the AT theory. In an F R ′ theory, the requirement of asymptotic freedom places correlated upper (u) bounds on r and N f ′ , which we denote as r u and N f ′ ,u . Provided that these bounds are satisfied, the ultraviolet (UV) behavior of the theory can be well described perturbatively. Then one can explore how the running gauge coupling g(µ) changes as a function of the Euclidean energy/momentum scale µ where it is measured. This is described by the beta function, β(α(µ)) = dα(µ)/d ln µ, where α(µ) = g(µ)
2 /(4π). (The argument µ will often be suppressed in the notation.) Since the theory is asymptotically free, one can calculate the beta function in a self-consistent manner in the weakly coupled UV region and then use it to explore the flow (evolution) of the theory from the UV to the IR. For values of r and N f ′ near to the above-mentioned upper limits, the beta function has an IR zero, so the theory flows from the UV to this IR fixed point. For fixed N f ′ , as r approaches r u from below, the value of α = α IR at the IRFP goes to zero. One thus infers that in this regime, the IR theory is in a deconfined non-Abelian Coulomb phase (NACP) without any spontaneous chiral symmetry breaking (SχSB). Lattice studies of these types of gauge theories (usually with fermions in a single representation of the gauge group) with weakly coupled IR fixed points have supported this conclusion, e.g., by demonstrating the absence of a bilinear fermion condensate that would signal spontaneous chiral symmetry breaking [6, 7] . At the IRFP, the resultant theory is scaleinvariant and is deduced to be conformally invariant [8] . This IR regime is thus often referred to as the conformal window or regime. As r and/or N f ′ is decreased, the IR coupling α IR increases, and eventually, for sufficiently small r and N f ′ , the IR theory becomes strongly coupled, with confinement and SχSB. Analogous comments apply to AT theories.
Our scheme-independent calculational framework requires that the IRFP be exact, which is the case in the conformal regime. Hence we restrict our consideration to this regime. The properties of the resultant conformal field theory are of fundamental interest. Previous works have investigated these properties for a variety of theories with a general gauge group G and N f fermions ψ i , i = 1, ..., N f transforming according to a single representation R of G, using perturbative calculations of the anomalous dimension of the operatorψψ, denoted γψ ψ , and of the derivative of the beta function, dβ/dα = β ′ , both evaluated at the IRFP [3] - [5] , [9] - [16] . We denote these as γψ ψ,IR and β ′ IR . Early calculations of this sort were performed using a perturbative expansion in powers of α IR , the value of α at the IRFP, calculated to the same loop order [9, 10] . Although γψ ψ,IR and β ′ IR are physical quantities and hence are independent of the scheme used for regularization and renormalization, the series expansions for these quantities, calculated to finite order in powers of α IR , are scheme-dependent. This is the same as in higher-order calculations of scattering cross sections in various quantum field theories, such as quantum chromodynamics (QCD). However, it is possible to reexpress the series as expansions in powers of a manifestly scheme-independent quantity, denoted ∆ f , that approaches zero at the upper end of the conformal regime [17] , and for theories with a single fermion representation, these calculations were carried out to O(∆ [4, 5, [12] [13] [14] [15] . The calculation of a scheme-independent series expansion for γψ ψ,IR to O(∆ n f ) requires, as inputs, conventional series expansions (in powers of α) of γψ ψ to n-loop order and of β to (n + 1)-loop order. The scheme-independent calculation of β ′ IR to O(∆ n f ) requires, as an input, the conventional series calculation of β to n-loop order. Thus, the schemeindependent calculations of these quantities in theories with a single fermion representation have used, as inputs, conventional four-loop [ This paper is organized as follows. In Section II we discuss the general framework for our work and the LNN limit. In Sections III and IV we present our results for anomalous dimensions of fermion bilinears and for the derivative of the beta function at the IRFP in the LNN limit of the F R ′ theory. In Section V we present our results for the N c → ∞ limit of the AT theory. Our conclusions are given in Section VI. In this section we discuss the general theoretical framework for our calculations. The N f fermions f in the representation R = F are denoted as ψ i , i = 1, ..., N f , and the N f ′ fermions are denoted as χ j , j = 1, ..., N f ′ . Since the adjoint representation is self-conjugate, the number of fermions in this representation, N Adj , refers equivalently to a theory with N Adj Dirac fermions or 2N Adj Majorana fermions, so that in this case, N Adj may take on half-integral physical values. In both the F R ′ and AT theories, one may consider a formal extension in which N f and/or N f ′ are generalized to (positive) real numbers, with the implicit understanding that physical cases occur at integral (and, for the adjoint representation also half-integral) values. Indeed, in the LNN limit of the F R ′ theory, N F is replaced by the real variable r.
In general, the property of asymptotic freedom requires that
where C A , T f , and T f ′ are group invariants [24] . In the large-N c limit, the behaviors of group invariants for the S 2 and A 2 representations are the same to leading order, so, as noted above, one can consider these representations together as T 2 . For example,
To treat the three representations Adj, S 2 , A 2 in a unified manner, we define
so that
(since T Adj = N c ) and
In an F R ′ theory, for fixed N f ′ , the inequality (2.1) implies the upper (u) limit N F < N F,u , where
and for fixed N F , this inequality (2.1) implies the upper bound N f ′ < N f ′ ,u , where
In the LNN limit of the F R ′ theory, the inequality (2.1) becomes
For fixed N f ′ , this implies the upper (u) limit r < r u , where 9) and for fixed r, the upper bound on
where
If one envisions a two-dimensional diagram describing the F R ′ theory with the horizontal axis being r and the vertical axis being N f ′ (formally generalized from the integers to the real numbers), then the inequality (2.8) defines a region in the first quadrant bounded by the line segment r + 2λ f ′ N f ′ = 0 extending from the point (r, N f ′ ) = (0, N f ′ ,u ) on the upper left to the the point (r, N f ′ ) = (r u , 0) on the lower right. This line has slope
In order to have a theory with two fermion representations, we exclude the values r = 0 and N f ′ = 0. In the LNN limit of the F R ′ theory we define the differences
We observe that 
The gauge-invariant fermion bilinears considered here arē
The anomalous dimension ofψψ is the same as that of the bilinear
where T a is a generator of the Lie algebra of SU(N f ) [25] , so we use the same symbol γψ ψ for both. The same remark holds for γχ χ .
Because α IR → 0 at the upper end of the conformal regime, a series expansion for an anomalous dimension of a fermion bilinear or for β ′ IR can be reexpressed as a series expansion in powers of the manifestly schemeindependent quantities ∆ r and/or ∆ f ′ . For finite N c and N f = N F , the scheme-independent series expansion of γψ ψ,IR and γχ χ,IR are
(2.19)
In the LNN limit of the F R ′ theory, κ
and one defines the limit
The scheme-independent series expansions for the anomalous dimensions of the gauge-invariant fermion bilinear operators in the F R ′ theory, evaluated at the IRFP, namely γψ ψ,IR and γχ χ,IR , are then as follows, in the LNN limit:
We denote the truncations of these series to the power p of the respective expansion variable ∆ r or ∆ f ′ as γψ ψ,IR,∆ p r and γχ χ,IR,∆ p f ′ , respectively. A corresponding discussion of scheme-independent series expansions of anomalous dimensions of bilinear fermion operators in the AT theory is given in Section V.
C. Series for β ′ IR
The series expansion of β in powers of the squared gauge coupling is
where a = α/(4π) and b ℓ is the ℓ-loop coefficient. As was specified in Eq. (1.1), the product ξ = N c α is fixed in the LNN limit. Hence, one deals with the rescaled beta function that is finite in this LNN limit, namely
This has the series expansion
where x = ξ/(4π) and
Because the derivative dβ ξ /dξ satisfies
a consequence is that β ′ is finite in the LNN limit (1.1). There are two equivalent scheme-independent series expansions of the derivative β ′ IR . One can take N f ′ as fixed and N f as variable and write the series as an expansion in powers of ∆ F :
Equivalently, one may take N f as fixed and N f ′ as variable, and express the series as an expansion in powers of ∆ f ′ , as
Note that d 1 =d 1 = 0 for all G and fermion representations. In the LNN limit,
The scheme-independent expansions for β ′ then take the form
We denote the truncation of the series expansion (2.33) to maximal power ∆ p r as β
and the trunction of the series expansion (2.34) to maximal power∆
Our scheme-independent calculations require that the IRFP be exact. This condition is satisfied in the conformal regime but not in the QCD-like regime with spontaneous chiral symmetry breaking. The upper boundary of this regime is known precisely and is given by the inequality (2.8). The lower boundary of the conformal regime is not known precisely and has been the subject of intensive lattice studies [6, 7] , particularly for simpler theories with fermions in a single representation. Further lattice studies could be carried out for theories with multiple fermion representations. For instance, a study has been carried out of an SU(4) gauge theory with N f = 2 Dirac fermions in the fundamental representation and N f ′ = 2 Dirac fermions in the (self-conjugate) antisymmetric rank-2 tensor representation [26, 27] , concluding that this theory is in the phase with chiral symmetry breaking for both types of fermions.
For our present purposes, it will be sufficient to have a rough guide to this lower boundary of the conformal regime, which is provided by the condition that the twoloop (rescaled) beta function should have an IR zero. This condition is satisfied if the two-loop coefficient in the beta function has a sign opposite to that of the oneloop coefficient, i.e., if the inequality
is satisfied. For a given N f ′ , this yields a lower (ℓ) bound on r, namely r > r ℓ , where
and for a given r a lower bound on
We denote the set of values of r and N f ′ which satisfy the asymptotic freedom constraint and the inequality (2.35) as I IRZ , where the subscript IRZ refers to the condition that the two-loop beta function has an IR zero. Henceforth, we assume that if N f ′ is fixed, then r ∈ I IRZ and if r is fixed, then N f ′ ∈ I IRZ . The upper end of the IRZ region is defined the asymptotic freedom constraint (2.1), while the lower end is defined by the line segment 13r + 32λ f ′ N f ′ − 34 = 0 in the first quadrant. This line segment extends from the point (0, 17/(16λ f ′ ) at the upper left down to the point (34/13, 0) on the lower right, with slope
In Table I we list the values of r ℓ and r u for a range of values of N Adj and N T2 . For a given r, the condition of asymptotic freedom sets the upper bound N f ′ ,u on N f ′ , and this determines the values of N f ′ given in Table I for R ′ = Adj and R ′ = T 2 . Provided that, r and N f ′ satisfy the asymptotic freedom constraint (2.1) and lie in the set of values I IRZ , ed by the asymptotic freedom condition (2.8), the ratio r is in the interval I IRZ , the IR zero in the rescaled two-loop beta function of the F R ′ theory occurs at
where ξ was defined in (1.1). For a given R f ′ and N f ′ , as r ր r u , this IR zero, and more generally the n-loop IR zero of β ξ , vanishes. Similarly, for a given R f ′ and r, as N f ′ ր N f ′ ,u (with N f ′ generalized to a real number, as above), the IR zero of the beta function vanishes.
III. ANOMALOUS DIMENSIONS OF FERMION BILINEAR OPERATORS IN F R ′ THEORY
In the LNN limit of the F R ′ theory, from [1] we calculate the following results for the coefficients in the scheme-independent expansions of γψ ψ,IR and γχ χ,IR , where f ≡ ψ is in the F representation and f ′ ≡ χ is in the R ′ representation: Table III . Generalizing the earlier findings for theories with fermions in a single representation [3] [4] [5] , we find that the corrections to these limits (3.1)-(3.6) vanish like 1/N 2 c as N c → ∞. An important result that was found in previous work [13] - [14] was that for a theory with a single representation, κ This positivity question was explored further in [1] , and it was shown that bothκ
are positive for all of the orders that were calculated, namely j = 1, 2, 3. This then implied the same monotonicity theorems as mentioned above for all of the truncation orders calculated in [1] , namely 1 ≤ p ≤ 3. Here we extend this analysis to the LNN limit of an F R ′ theory. We again find thatκ Although we find that the coefficients κ (f ′ ) j are monotonically increasing functions of r, this trend is outweighed by the property that ∆ f ′ is a monotonically decreasing function of both r and N f ′ , so that for fixed p and r, γχ χ,∆ p f ′ is a monotonically decreasing function of N f ′ as N f ′ ր N f ′ ,u and for fixed p and N f ′ , γχ χ,∆ p f ′ is a monotonically decreasing function of r as r ր r u . In both of these limits, γχ χ,∆ p f ′ → 0. The first, second, and fifth relations, as well as the relation just given, can be understood physically as a consequence of the fact that these anomalous dimensions result from the gauge interactions, and (a) for fixed N f ′ , increasing r to r u or (b) for fixed r, increasing N f ′ (formally generalized from integers to real numbers) to N f ′ ,u leads to a vanishing value of α IR . Hence, in these limits, since α IR → 0, so do the anomalous dimensions of these fermion bilinears.
We next insert these calculated coefficientsκ Tables IV-VII for two It is of interest to compare the values of γψ ψ,IR,∆ p r and γχ χ,IR,∆ Adj r p for r = 10/3 with the results in the SU(3) theory with N F = 10, R f ′ = Adj, and N f ′ = 1 given, respectively, in Tables V and VI of [1] . For that SU(3) theory one has r = 10/3. In that theory, for the successive truncations to progressively high order for the schemeindependent series for γψ ψ,IR we obtained γψ ψ,IR,∆F = 0.0210, γψ ψ,IR,∆ Table V of [1] . The LNN values that we have listed for r = 10/3 in Table IV Table V of [1] . Again, the LNN values that we have listed for r = 10/3 in Table  V are close to these for each order of truncation. This is in agreement with our general result that for even moderate values of N c and N F with N F /N c = r, and a given R f ′ and N f ′ , the resulting anomalous dimensions are approximately given by the LNN limit with these values of r, R f ′ , and N f ′ , since correction terms to the LNN limit vanish rapidly, like 1/N 2 c . As mentioned above, this was shown earlier for theories with fermions in a single representation of the gauge group, and our results here generalize this property to the LNN limit of the F R ′ theory.
IV. LNN LIMIT FOR SCHEME-INDEPENDENT BETA FUNCTION COEFFICIENTS IN F R ′

THEORY
In the LNN limit, from [1], we calculatê We then substitute these results ford j andd j in Eqs. (2.33) and (2.34) with f ′ = Adj, respectively, to obtain the series expansions for β ′ IR in the theory with R = F and R ′ = Adj. We present our results using the two equivalent scheme-independent series expansions for β As before for the anomalous dimensions of fermion bilinears, it is of interest to compare these results in the LNN limit with the results from Ref. [1] for specific values of N c and N F . Again, we pick N c = 3 and N F = 10, for which the appropriate comparison is with the LNN values with r = 10/3. We can compare these with the values that we obtain in the LNN limit for the case N Adj = 1 (for N Adj = 2, this value of r exceeds r u = 3/2). The values in the six columns of ′ to a given order of truncation in the scheme-independent series expansions in an SU(N c ) theory with N F fermions in the fundamental representation with N F /N c equal to r. As was the case for theκ
, for large but finite N f and N c , the approach to the LNN limit is rapid for thed j andd j , since the subdominant terms again vanish like 1/N 2 c .
V. AT THEORY
In this section we analyze the large-N c limit of the AT theory, i.e., a theory in which both the f and f ′ fermions are in two-index representations of SU(N c ). For finite N c , there are two types of AT theories, namely one with R f ≡ R = Adj and R f ′ ≡ R ′ = S 2 and one with R f ≡ R = Adj and R f ′ ≡ R ′ = A 2 . Since the S 2 and A 2 representations have the same large-N c behavior, the N c → ∞ limits of both of these theories are the same, with (R, R ′ ) = (Adj, T 2 ), where, as above, T 2 stands for either S 2 or A 2 . This is the reason for our designation of these as the AT theory. The fermions in the adjoint and T 2 representations are denoted ψ and χ.
A. Relevant Interval of N Adj and NT 2 for AT Theory
In the N c → ∞ limit of the AT theory, the asymptotic freedom condition (2.1) reads
Hence, for a given value of N Adj , N T2 must be less than the upper bound N T2,u = (11/2)− 2N Adj , and for a given value of N T2 , N Adj must be less than the upper bound N Adj,u = (11/4) − N T2 /2. Let us envision the theories as being specified by a point in the first quadrant, with the horizontal axis being N Adj and the vertical axis being N T2 . The upper boundary of the conformal regime is defined by the line segment N Adj + (N T2 /2) = 11/4. This line segment has slope
The expansion variables for the scheme-independent series expansions in the AT theory arě
where the∆ notation signifies that we have taken the
As is evident from Eqs. The lower boundary of the region where the this condition (5.6) is satisfied is the line segment 2N Adj + N T2 = 17/8 in the first quadrant. This line segment has the same slope of −2 as the upper boundary. The region I IRZ is thus given by
For N Adj and N T2 in the IRZ region, the two-loop (2ℓ) rescaled beta function β ξ,2ℓ has an IR zero at
Note that the upper and lower boundaries of the IRZ regime, the values of∆ T2 and∆ Adj , and the value of ξ IR,2ℓ depend on N Adj and N T2 only via the combination 2N Adj +N T2 . We will assume that N Adj and N T2 are such that the theory has an IR zero in the conformal regime.
B. γ Adj and γT 2 in the AT Theory
In the AT theory, the coefficients of both types of fermions have finite large-N c limits, We denote κ
With R 2 standing for any of the three two-index representations Adj, S 2 , and A 2 , we defineκ We find that for the κ j coefficients that we have calculated,κ
The large-N c limit for these coefficients in a theory with a single fermion representation R = Adj was previously considered in Ref. [4] , and theκ (Adj) j , j = 1, 2, 3 agree with Eqs. (6.18)-(6.21) in that paper.
Combining the relation∆ T2 = 2∆ Adj from Eq. (5.5) with the relationκ
from Eq. (5.12), we derive an interesting symmetry property, namely that, for all the orders p = 1, 2, 3 that we have calculated,
That is, for the ψ field in the Adj representation and the χ field in either the S 2 or A 2 representation, the N c → ∞ limits of the scheme-independent series expansions for the anomalous dimensions of the corresponding bilinear operators, γψ ψ,IR and γχ χ,IR , are equal to each other at each order that we have calculated. Furthermore, since the only dependence on N Adj and N T2 enters via the combination 2N Adj + N T2 , the anomalous dimensions in Eq. (5.16) also depend on N Adj and N T2 only through the combination 2N Adj + N T2 . In Table X we list values of γψ ψ,IR,∆ In the N c → ∞ limit of the AT theory, the coefficients d j andd j in the scheme-independent series expansions for β ′ IR are finite. In accord with our labelling convention that R f = Adj and
, and defině
so that in this N c → ∞ limit, the two equivalent schemeindependent expansions for β For the cases j = 2, 3, 4 that we have calculated, we findď
We calculatě from Eq. (5.22), we find a second symmetry property characterizing the N c → ∞ limit of the AT theory, namely that, for all the orders p = 1, 2, 3 that we have calculated,
(5.26)
We thus write these as β
, where R 2 stands for either Adj or T 2 . As discussed in [1] , these two schemeindependent expansions for β ′ IR are equivalent, and here they are actually identically equal to each order that we have calculated. As was the case with the anomalous dimensions of the fermion bilinears, since the only dependence on N Adj and N T2 enters via the combination 2N Adj + N T2 , the scheme-independent series expansion for β ′ depends on N Adj and N T2 only through the combination 2N Adj +N T2 . In Table XI 
VI. CONCLUSIONS
In this paper we have calculated limiting forms of scheme-independent series expansions for the anomalous dimensions of gauge-invariant bilinear fermion operators and of β ′ evaluated at an infrared fixed point of the renormalization group in asymptotically free SU(N c ) gauge theories. We have first studied a theory denoted F R ′ with N F fermions in the fundamental representation and N f ′ fermions in the adjoint, or symmetric or antisymmetric rank-2 tensor representations, in the limit in which N c → ∞ and N F → ∞ with the ratio r = N F /N c fixed and finite. Secondly, we have studied the N c → ∞ limit of a theory with fermions in the adjoint and symmetric or antisymmetric rank-2 tensor representations, denoted the AT theory. We have shown how these limits yield useful simplifications of the general results in [1] . We have also determined the nature of the approaches to the respective LNN and N c → ∞ limits in the F R ′ and AT theories. Our results further elucidate the interesting and fundamental question of the properties of a conformal field theory, s pecifically, an asymptotically free gauge theory at a conformal infrared fixed point of the renormalization group Denote TR as a generator of the Lie algebra of a group G. with j = 1, 2, 3 in the LNN limit of the F R ′ theory with R ′ = Adj, as a function of N Adj . (As noted in the text, since the adjoint representation is self-conjugate, half-integral values of N Adj are allowed, corresponding to 2N Adj Majorana fermions.) The notation ae-n means 10 −n . See Table I  for , calculated to order p = 1, 2, 3 and evaluated at the IR fixed point in the LNN limit of the F R ′ theory with R ′ = Adj and N Adj = 1, as a function of r. Here, ∆r = (7 − 2r)/2 and ψ is the fermion in the F representation. See Table I , calculated to order p = 1, 2, 3 and evaluated at the IR fixed point in the LNN limit of the F R ′ theory with R ′ = Adj and N Adj = 2, as a function of r. Here, ∆r = (3 − 2r)/2 and ψ is the fermion in the F representation. See Table I 
